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1. INTRODUCTION 
Let R and S be commutative rings with S an R-algebra. We say that R 
has descent with respect to S provided the following condition is satisfied: 
If E is an R-module such that E @a S is S-flat, then E is R-flat. Ferrand 
has shown that if R C S are Noetherian rings and if S is a finite R-module, 
then R has descent with respect to S. Nagata, in his series of lectures at 
the Ninth Session of the Seminaire de Mathematiques Suptrieures, in 
Montreal, improved this result slightly and posed the problem of determining 
conditions on R and S which will guarantee that R has descent with respect 
to S. In this note we seek conditions which are either necessary or sufficient 
in order that R have descent with respect to S. We shall show that if R L S, 
then for R to have descent with respect to S, “the lying-over theorem” 
must hold between R and S. We shall also show that if S is a pure R-module 
in the sense of Cohn, then R has descent with respect to S. 
In our study of the descent property, we isolate a weaker property. 
Namely, suppose that S is an R-algebra for which the following condition 
holds: If E is a finitely generated R-module such that E OR S is S-flat, 
then E is R-flat. We label this property “descent for finitely generated 
modules” and show that if R C_ S with S integral over R, then R has descent 
for finitely generated modules with respect to S. This generalizes, at least 
for finitely generated modules, the result of Ferrand. However, examples 
show that “descent for finitely generated modules” and “descent” are not 
equivalent, even for integral extensions. 
Our terminology is essentially that of [7]. In particular, all rings are 
assumed to be commutative and to contain an identity element. Moreover, 
when we write “R $ S,” we mean that R is a subring of S and that the 
identity of R is the identity of S. 
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2. DESCENT 
We begin our study of the descent condition by introducing a weaker 
condition. Namely, if S is an R-algebra, then we shall say that R has descent 
for jkitely generated modules with respect to S (written R has DFG with 
respect to S), if the following condition is satisfied: If E is a finitely generated 
R-module such that E OR S is S-flat, then E is R-flat. Using techniques 
of Mount [12], we show that DFG is equivalent to “descent for cyclic 
modules.” We require some preliminaries. 
Let E be a finitely generated R-module, n a positive integer and fn(E) the 
n-th Fitting ideal of E. It is known that if R _C S, then fJE)S = fn(E OR S). 
(See [12, p. 13541.) This fact, together with the following lemma, constitute 
the basis for our reduction to cyclic modules. 
LEMMA 1 (Mount). If E is a$nitely generated R-module, then E is R-jat 
{f and only if R/f,(E) is R-jlat for each positive integer n. 
THEOREM 1. Let R C S be rings with A an ideal of R. The following are 
equivalent: 
(1) R/A is R-Jat for each ideal A of R such that S/AS is S-JEat. 
(2) For each cyclic R-module E such that E OR S is S-flat, E is R-flat. 
(3) R has DFG with respect to S. 
Proof. The equivalence of (1) and (2) is clear since S/AS w (R/A) OR S, 
and it is obvious that (3) implies (2). Therefore, suppose that (2) holds 
and let M be a finitely generated R-module such that S @s M is S-flat. 
Then fJM)S = fn(S OR M) and by L emma 1, S @s M is S-flat if and 
only if S/fn(S OR M) = S/fJM)S = (R/f,(M)) OR S is S-flat for each 
positive integer n. Therefore, by hypothesis, for each positive integer n, 
R/f,(M) is R-flat, and again by Lemma 1, M is R-flat. 
If A is an ideal of a ring R, then following [4], we say that A is a *-ideal 
of R if R/A is R-flat. In this terminology, by Theorem 1, R has DFG with 
respect to S if and only if A is a *-ideal of R for each ideal A of R such 
that AS is a *-ideal of S. It is easy to see that A is a *-ideal of R if and 
only if for each a E A there exists b E A such that ab = a. With these facts 
we now prove 
COROLLARY 1. Let R C S be rings with S integral over R. Then R has 
DFG with respect to S. 
Proof. Since an R-module E is R-flat if and only if EM is R,-flat for 
each maximal ideal M of R, it is sufficient to prove the result when R is 
quasi-local. Moreover, since S is integral over R, a prime ideal P’ of S 
lies over M if and only if P’ is maximal in S. Thus, MC J, the Jacobson 
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radical of S. Let A be a nonzero ideal of R such that AS is a *-ideal of S. 
If A # R, then for each a E A there exists s E AS C J such that as = a. 
Thus, a(s - 1) = 0 and a = 0. We conclude that A = R is a *-ideal of R. 
So, at least for finitely generated modules, Corollary 1 is a generalization 
of the result of Ferrand in [6]. We remark that Lazard in [ll, p. 1211 has 
given an example of the following: quasi-local rings R c S, with S integral 
over R but not flat over R, and such that S OR S N S. For such rings, 
R obviously does not have descent with respect to S, and therefore DFG 
is not equivalent to descent. Lazard’s example is rather complicated and 
we shall give a simple example later in the paper to show that DFG and 
descent are not equivalent. 
PROPOSITION 1. Suppose that R C S and that R has DFG with respect 
to S. If A is an ideal of R and if AS is a direct summand of S, then A is a 
direct summand of R. Moreover, A = AS n R = eR for some idempotent 
element e of R. In particular, if AS -= S, then A = R. 
Proof. The sequence 
O+AS+S+(R/A)@,S+O 
is exact and since AS is a summand of S, AS = e’S for some idempotent e’ 
of AS. Thus, e’ = C& aisi for some a, ,..., a, E A, sr ,..., s, E S. It follows 
that if B = (al ,..., a,)R, then BS = AS and (R/A) OR S N (R/B) OR S 
is S-flat. Since R has DFG with respect to S, RIB is R-flat, and since R/B 
is finitely related, R/B is projective. Thus, B = eR for some idempotent e 
ofB.Now,eR=BCACASnRandifrEASnR=BSnR=eSnR, 
then r = es for some s E S. Therefore, r = es = e2s = er E eR and it follows 
that A = AS n R is a direct summand of R. 
Thus, if R is to have DFG with respect to S, then we must have that 
each proper ideal of R survives in S. This is clearly equivalent to saying 
that for each maximal ideal M of R, MS C S. While this condition is 
necessary for DFG, it is not sufficient. To see this, let R be a Noetherian 
valuation ring with maximal ideal pR and consider the polynomial ring 
R[X]. Let A = ( p2X - p) R[X] and set S = R[X]/A = R[x], where x 
denotes the residue class of X modulo A. Then, R can be considered as a 
subring of S, and since pS = p%S C S, each proper ideal of R survives 
in S. But p% is idempotent in S, and, therefore, by Proposition 1, R does 
not have DFG with respect to S. 
Another consequence of Proposition 1 is that if R has DFG with respect 
to S, then given an ideal A of R such that AS is a direct summand of S, 
we must have that AS n R = A. We now show that if each ideal A of R 
is such that AS n R = A, then R has DFG with respect to S. 
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PROPOSITION 2. IfR~SandifeachidealAofRissuchthatASnR-A, 
then R has DFG with respect to S. 
Proof. By Theorem 1, it suffices to prove that if AS is a *-ideal of S, 
then A is a *-ideal of R. The hypothesis on R and S imply that if 
r,X, + ... + r,X, = t is a linear equation with coefficients in R which has 
a solution in S, then it must have a solution in R. Thus, let A be an ideal of R 
such that AS is a *-ideal of S. If a E A, then there exist a, ,..., a, E A, 
si ,. .., s, E S such that a(CL, a& = a. Therefore, aalXl + ... + aa,X, = a 
is a linear equation with coefficients in R having a solution in S. It follows 
that there exist r1 ,..., r, E R such that a(Cy=, airi) = a and hence, A is a 
*-ideal of R. 
If R C S are rings, then Gilmer in [8] and Gilmer and Mott in [9] say 
that R has property (C) with respect to S if the hypothesis of Proposition 2 
is satisfied. If S is a pure R-module in the sense of Cohn [3], then R has 
property (C) with respect to S, but an example of Enochs [5] shows that 
the converse fails. In the sequel we shall see that if S is a pure R-module, 
then R has descent with respect to S. However, we have not been able to 
determine whether or not property (C) implies descent, and we remark 
that the example of Enochs mentioned above fails to provide an example 
since his pair of rings have descent. 
Let 0 --t El --f E be an exact sequence of R-modules. Then following 
Cohn in [3], we say that E, is pure in E if 0 ---f F OR El + F OR E is exact 
for each R-module F. Theorem 2.4 of [3] states that in order for El to be pure 
in E it is necessary and sufficient that for each e, ,..., e, E E, , fi ,..., fn E E, 
rij E R, 1 < i < m, 1 <j < n, the relations x:j”=, rij fj = ei , 1 s< i < m 
imply the existence of elements fi',..., fn‘ E El such that J$=, Yijfj’ = et, 
1 < i < m. Thus, if R C S are rings, R is pure in S if and only if each 
system of linear equations with coefficients in R which is solvable in S 
is also solvable in R. 
THEOREM 2. Let R C S be rings with R pure in S. Then R has descent 
with respect to S. 
Proof. Let E be an R-module such that E OR S is S-flat. If A is an 
ideal of R, then consider the two commutative diagrams 
O+AS+S O-+E&AS+E&S 
t T T T 
(1) 0 --f A ---f R (2) O+E@RA--tE@RR 
T t T t 
0 0 0 0 
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The rows and columns of (1) are exact and to prove that E is R-flat, 
we need only show that the bottom row of (2) is exact. Since E OR S is 
S-flat, for each exact sequence 0 + Fl --f F, of S-modules, the sequence 
0 + (E 8s S) OS Fl + (E 8s S) as F, and hence, from the associative law 
of tensor products and the canonical isomorphism between (S OS Fi) 
and Fi , the sequence 0 -+ E 8s Fl --f E OR F2 is exact. Thus, the top row 
of (2) is exact and to complete the proof, it suffices to prove that the left 
hand column of (2) is exact. We do this by showing that since R is pure in S, 
A is pure in AS. Let a, ,..., a, E A, t, ,..., t, E AS, rij E R, 1 < i < m, 
1 &: j < n be such that Cj”=, rfjtj = ai , 1 < i .< m. For 1 < j < n there 
exist a positive integer mi and elements sjk E S, bj, E A such that 
tj = CzL, bj,sjk . Now since R is pure in S, the relations 
imply the existence of elements s;, E R for 1 < j < n, 1 < k < mj such 
that Cy=, Czil, (rijbjk) sjI, = ai , 1 ,< i < m. Therefore, the elements 
tj’ = c;:l bjkS;, , 1 < j < n, are elements of A satisfying the system and 
by Cohn’s criterion for purity, A is pure in AS. 
The converse to Theorem 2 is false. In fact, R can have descent with 
respect to S and A not have property (C) with respect to S. For an example 
where this happens, let K be a field and F be a proper subfield of K. If 
S is a valuation ring of the form K + M, M the maximal ideal of S, and 
if R = F + M, then by [6, Lemma 11, since M is a common ideal of R 
and S which is maximal in R, R has descent with respect to S. To see that 
R does not have property (C) with respect to S, let s E S - R and let 
a E M, a # 0. Then sa E R and if aS n R = aR, then sa = at for some 
t E R. Therefore, aS n A 3 aR, and R does not have property (C) with 
respect to S. 
In [l, p. 481, it is shown that if S is a faithfully flat R-module, then R 
has descent with respect to S. Since a faithfully flat ring extension is 
obviously a pure extension, Th eorem 2 is a generalization of the result 
of [I], Moreover, it follows also from Theorem 2 that if R is a direct summand 
of S as an R-module, then R has descent with respect to S. Thus, we have 
COROLLARY 2. If {X,} is a collection of indeterminates over a ring R, 
then R has descent with respect to R[{XJ] and R has descent with respect to 
JwxJll~ 
We remark that Corollary 2 remains valid no matter which of the three 
possible definitions one takes for R[[{X,}]]. 
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Gilmer and Mott have shown in [9] that if R C S with R pure in S, then 
for each collection (X,} of indeterminates over S, R[{X,}] is pure in S[{X,}]. 
Therefore, we also have 
COROLLARY 3. If R C S with R pure in S, then R[{X,}] has descent with 
respect to S[{X,}] for each collection {X,) of indeterminates over S. 
If R C S are rings, then following Kaplansky in [lo], we say that R has 
LO (for “lying over”) with respect to S provided for each prime ideal P 
of R there exists a prime ideal P’ of S such that P’ n R = P. We seek 
now to show that if R has descent with respect to S, then R has LO with 
respect to S. We first show that descent is preserved under localizations. 
PROPOSITION 3. Let R C S be rings and assume that R has descent with 
respect to S. If M is a multiplicative system in R, then R, has descent with 
respect to S, . 
Proof. Let E be an R,-module such that E BRM S, is S,-tlat. Now 
E BRM S, E E @,,(RM On S) ‘v (E BRlll RM) OR S ‘v E OR S and hence, 
E C3RM SM and E OR S are isomorphic S-modules. Since S, is a flat 
S-module, E @KM S, is a flat S-module. Thus, E OR S is S-flat and by 
hypothesis, E is R-flat. It follows that RM OR E is R,-flat and since 
R,O,E~R,O,(R,OR~E)~(RMORR~)OR~EER~OR~E~VE, 
we have that E is R&at. (We are using here the fact that R, OR R, z RM 
as RM - R, bimodules. This seems to be well-known, but we could find 
no reference.) 
Let R L S be rings. The following result gives necessary and sufficient 
conditions in order that R have LO with respect to S. The proof is easy 
and we omit it. 
LEMMA 2. If R C S are rings, then the following are equivalent: 
(1) R has LO with respect to S. 
(2) For each ideal A of R, AS r\ R C dA. 
(3) Each radical ideal of R is the contraction of an ideal of S. 
THEOREM 3. If R C S are rings and sf R has descent with respect to S, 
then R has LO with respect to S. 
Proof. Let A be an ideal of R. If r E AS n R, then r = Cr=, aisi , 
al ,..., a, E A, s1 ,..., s, E S. If r is nilpotent, then r E dA and there is nothing 
to prove. Otherwise, put M = {Y~}~=~ . By Proposition 3, Rm has descent with 
respect to S,,,, and in S, , r is a unit. Thus, (al ,..., a,) S, = S, and by 
Proposition 1, (a, ,..., a,) RM = RM . Therefore, in R, , 1 = (Cy=, tiai)/rm, 
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where m is a positive integer and ti E R for 1 < i < n. By definition of 
R there exists a positive integer k such that +(rm - Cy=r tiui) = 0 and 
he:ie, rm+lc = X:=1 rktiai E A. I t o f 11 ows that Y E dA and by Lemma 2, 
R has LO with respect to S. 
We remark that if R C S and if R has descent with respect to S, then 
in order that S have Noetherian prime spectrum, it is necessary that R 
have Noetherian prime spectrum. This follows from Theorem 3 and the 
fact that R has Noetherian prime spectrum if and only if R satisfies the 
ascending chain condition for radical ideals. 
Finally, we note that since a ring has LO with respect to any integral 
extension, the example of Lazard alluded to previously shows that LO 
does not imply descent. Moreover, DFG does not imply LO. To see this, 
we first observe that for D C D, , integral domains, D has descent on cyclic 
modules with respect to D, and hence DFG with respect to D, , if and only 
if for each maximal ideal M of D, MD, CD, . The implication in one 
direction is always true and if A is a nonzero ideal of D such that AD, is 
a *-ideal of D, , then for each a E A, a # 0 there exist a, ,..., a, E A, 
dr’,..., d,’ E D, such that a = Qb, a&‘) and hence, 1 = xy’, a&‘. By 
hypothesis, there exist dr ,..., d, E D such that 1 = Cy=, aidi and therefore, 
a = a(C,“=, aidi). Now let K be a field, X and Y indeterminates over K 
and consider the ring K[X, Y]. The maximal ideal (X, Y) is p-adic and 
therefore gives rise to a Noetherian valuation ring D, on K(X, Y) having 
center (X, Y) on K[K, Y]. D, is not a ring of quotients of K[X, Y] and 
hence, D, 3 (K[X, Y])(,,y) = D. Furthermore, D, has center (X, Y)D on D 
and therefore, (X, Y) DD, CD, . Since D has Krull dimension two, D does 
not have LO with respect to D, , but by the above observation, D does 
have DFG with respect to D, . We remark that this example also shows 
“descent” and “descent for finitely generated modules” are not equivalent. 
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